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EXISTENCE OF SOME POSITIVE SOLUTIONS TO 
FRACTIONAL DIFFERENCE EQUATION 

DEEPAK B. PACHPATTE, ARIF S. BAGWAN, AMOL D. KHANDAGALE 


Abstract. The main objective of this paper is to study the ex¬ 
istence of solutions to some basic fractional difference equations. 
The tools employed are Krasnosel’skii fixed point theorem which 
guarantee at least two positive solutions. 


1. Introduction 

The theory of fractional calculus and associated fractional differen¬ 
tial equations in continuous case has received great attention. How¬ 
ever, very limited progress has been done in the development of the 
theory of hnite fractional difference equations. But, recently a remark¬ 
able research work has been made in the theory of fractional difference 
equations. Diaz and Osier [10] introduced a discrete fractional differ¬ 
ence operator dehned as an inhnite series. 

Recently, a variety of results on discrete fractional calculus have been 
published by Atici and Eloe mum with delta operator. Atici and Sen- 
gul m provided some initial attempts by using the discrete fractional 
difference equations to model tumor growth. M. Holm m extended 
his contribution to discrete fractional calculus by presenting a brief 
theory for composition of fractional sum and difference. Furthermore, 
Goodrich mum developed some results on discrete fractional calcu¬ 
lus in which he used Krasnosel’skii hxed point theorem to prove the 
existence of initial and boundary value problems. Following this trend, 
H. Chen, et. al. [ 13 ] and S. Kang, et. ah [ 2 ] discussed about the 
positive solutions of BVPs of fractional difference equations depending 
on parameters. H. Chen, et. al. [8], in their article provided multiple 
solutions to fractional difference boundary value problems using vari¬ 
ous hxed point theorems. 
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In this paper, we consider the boundary value problems of fractional 
difference equation of the form, 

= Xh{t + v - l)f{t + v - l,y{t + v -1)), (1.1) 

y{v-2) = y{v+ b) =0. (1.2) 

Where, t G [0,6]no, / : [p — 1,p + x M —)■ R is continuous, 

h : [u —1, u + —> [0, cxo), 1 < u < 2 and A is a positive parameter. 

The present paper is organized as follows. In section 2, together with 
some basic dehnitions, we will demonstrate some important lemmas 
and theorem in order to prove our main result. In section 3, we establish 
the results for existence of solutions to the boundary value problem 
(1.1) — (1.2) using Krasnosel’skii fixed point theorem. 

2. Preliminaries 

In this section, let us hrst collect some basic dehnitions and lemmas 
that are very much important to us in the sequel. 


Definition 2.1. [3l [7] We dehne, 

r(t + i) 
r(« + i-t,)’ 


( 2 . 1 ) 


for any t and v for which right hand side is dehned. We also appeal to 
the convention that if t + u — 1 is a pole of the Gamma function and 
f + 1 is not a pole, then t- = 0. 


Definition 2.2. [3l[7] The fractional sum of a function /, for u > 0 
is dehned as, 

t — V 

A-”/(i) = A-fit, a) :=:^J^(t-s- l)"-'/(s), (2.2) 

for t E {a + V, a + V + 1,... } Na+v We also dehne the fractional 
diherence for = 0 by := f{t), where t G and 

A G N is chosen so that 0<N — l<v<N. 


Now we give some important lemmas. 


Lemma 2.3. [3l [7] Let t and v be any numbers for which t- and t^t—L 
are defined. Then At- = vt^^. 
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Lemma 2.4. P [7] Let 0<N — l<v<N. Then 

A-^A^y{t) = y{t) + + C 2 t^ + • • • + CNt^, (2.3) 

for some Ci E R with 1 < i < N. 


Lemma 2.5. [7] Let 1 < v < 2 and f : [f — + 6 ]n„_i x M — )■ 

M be given. Then the solution of fractional boundary value problem 
—A^y{t) = fit + V — 1 , yit + V — 1)), yiv — 2) = yiv + 6 + 1) = 0 zs 
given by 

6+1 

yit) = ^ Git, s)fis + v - l,yis + v -1)), (2.4) 

s=0 

where Greens function G : [v — 1, t x [0, 6+ is defined 

by 


Gifis) 


1 


e^(v+b-s)^ 

rE:zl(v+b-s)^ 


it-s- 1)^, 


0<s<t — i; + l<6+l 
0<t — t + 1<s<6+1, 

(2.5) 


Lemma 2.6. [7] The Greens function Git, s) given in above lemma 
satisfies, 

(1) G it, s) > 0 for each it, s) e [i; - 2, t + 6 ]pj ^ x [0, b + l]j^^ 

(2) max G it,s) = G is + v — 1, s) for each s G [0, b]^ and 

iG[i;-2,D+6]p,^_^ ° 

(3) There exists a number 7 G (0,1) such that 
min Git,s)> max G (t, s) = 76 * (s + 11 — 1 , s), 


for s G [0, b] 


ie[D—2,ij+6]f, 


No 


Now we give the solution of fractional boundary value problem (1.1)- 
(1.2), if it exists. 


Theorem 2.7. Let / :[n — l,n + 6]p, xR—)-M&e given. yl function 

^v — 1 

yit) is a solution to discrete fractional boundary value problem (1.1) — 
(1.2) iff is a fixed point of the operator 

b 

Fyit) = X'^G it, s) h is + V - 1) f is + V - l,y is + V - 1)), (2.6) 

s=0 

where Git, s) is given in above lemma (2.3) 
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Proof. From lemma (2.2) we find that a general solution to problem 
(1.1)-(1.2) 

y (t) = -A~'^Xh{t + v - l)f{t + V - l,y{t + V - 1)) + Cp— + C' 2 t—, 

from the boundary condition y{v — 2) = 0, 

y[v-2) = -A-^Xh{t + v- l)f{t + v - l,y{t + v - 1)) 

+ Ci{v-2)^ + C2{v-2)^ 

t—V 

^ X] “ l)—Xh{s + v- l)f{t + v - l,y{t + v - 1)) 

s=0 t=v-2 

+ C2T{v - 1 ) 

= C2T{v - 1 ) 

= 0 , 

therefore, C 2 = 0. 

On the other hand, using boundary condition y{v + 6) = 0 
y{v + b)= -A-^Xh{t + v- l)f{t + v - l,y{t + v - 1)) 

+ Ci{v + by-^ + C2{v + by-^ 

t — V 

^ X] “ 1)—Ah(s + v- l)f{t + v - l,y{t + v - 1)) 

•5=0 t=v-\-b 

+ Ci{v + b)^ 

= 0 , 

- t—V 

Ci{v + b)^ = l)—Xh{s + v - l)f{s + v - l,y{s + v - l))li=„+fe 

s=0 

1 ^ 

Cl = — - + b- s - 1)—Xh{s + v- l)/(s + v - l,y{s + v - 1)) 

rv{v + b)—^ 

Using Cl and C 2 in y(t), we get 

^ t—V 

y{t) = X] (^ - ^ - 1)—A/i(s + n - l)/(s + v - l,y{s + v - 1)) 


+ P . ^ (p + 6 - s - l)^Ah(s + V 

rv{v + b )— 


l)/(s + p 


l,y{s + v 


1 )) 
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f{s + v-l,y{s + v-l)) 

^ j.V-1^-. I I- ^ 1 Nl'-l 


E 

5=i—i;+l 


-{v + b 


1 )- 


rz;(T + b) 


v—1 


-Xh{s + T — l)/(s + T — 1, y{s + V 


b 

y{t) = ^ G{t, s)Xh{s + v- l)f{s + i; - 1, |/(s + i; - 1)), (2.7) 

s=0 

Consequently, we observe that y{t) implies that whenever y is a solution 
of ( 1 . 1 ) — ( 1 . 2 ), y is a. hxed point of ( 2 . 6 ), as desired. 

□ 

Theorem 2.8. [I 2 ] Let E be a banach space, and let fC <Z E be a cone 
in E. Assume that and 0,2 are open sets contained in E s. t. D & f2i 
and C 0.2, and let S : /Cn(f 22 \ f^i) 1C be a completely continuous 
operator such that either 

(1) \\Sy\\ < II 2 /II fory elCn dOi and ||5?/|| > ||i/|| fory elCn d02; 
Or 

(2) \\Sy\\ > ||?/|| foryeKn dOi and ||5?/|| < ||?/|| foryeKn d02 
Then S has at least one fixed point m /C fl (fl 2 \ f^i). 


3. Main Result 


To prove our main result let us state all required theorems for the 
existence of positive solutions to problem ( 1 . 1 ) — ( 1 - 2 ) 

For this, let 

1 

v-=-, -, 

Cl{s + T — 1 , s)h{s + T — 1) 

s=0 

1 

cr := - 


where rj and a are well dehned by lemma 2.4 and 7 is the number given 
by lemma 2.4.(3). 

In the sequel, we present some conditions on / that will imply the 
existance of positive solutions. 

HI : 3 a number r > 0 such that f{t, y) < ^ whenever 0 < y < r. 

H2 : 3 a number r > 0 such that f{t, y) > ^ whenever jr < y < r. 


H3 : lim 


mm 


j/—>-0+ 2,i;+fe]j. 


fiLll = -|-cX). 
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HA : lim 


mm 


y^oo+ 2,i)+6]p, 


= +CX3. 

y 


For our purpose, let i? be a Banach space defined by 

E = \^y. [v - 2,v + M, y{v - 2) = y{v + b) = 0^ , (3.1) 

with norm, ||y|| = max \y(t) \ , t G [n — 2, n + 

Also, define the cones 

ICo = [y e E : 0 <y{t), min y{t) > j \\y{t)\\ y (3.2) 


tG 


' v+b 3(^^+b) 


In order to prove our first existence, let us prove the following important 
lemma. 

Lemma 3.1. F(/Co) C /Co he., E leaves the cone /Co invariant. 

Proof. Observe that 




mm (Fy)(t) = mm > G(t, s)Xh(s + v — 1) 

■„+6 3(t>+6)l j-^\v+b 3(v+b)] 

- y—’ - 4 - J 3=0 

X f{s + v -l,y{s + v - 1)) 

b 

> 7 G{t, s)\h{s + V — l)/(<s + n — 1, y{s + n — 1)) 

3 = 0 


> 7 max 

tG[v-2,v+b]j..f 


G{t, s)Xh{s + n — 1) 

v-2 s=0 

X f{s + v -l,y{s + v - 1)) 

= i\\Fy \\, 

which implies Fy G /Co. □ 

Theorem 3.2. Assume that 3 distinct numbers ri > 0 and r 2 > 0 
with ri < r 2 such that f satisfies the condition HI at ri and H2 at r 2 . 
Then the fractional boundary value problem (1.1) — (1.2) has at least 
one positive solution say yo satisfying ri < ||yo|| < O- 

Proof. As F is completely continuous operator and F : /Co —)■ /Co, let 
= {y G /Co : ||?/|| > ri}. Then for any i/ G /Co O c/Oi, we have 

b 


||Fi/|| = max A G (t, s) h (s + v — 1) f (s + v — 1, y (s + v — 1)), 

te[v-2,v+b]^^_^ ^ 

b 

< X ^ G (s + n — 1, s) /i (s + n — 1) / (s + n — 1, 1/ (s + n — 1)) 


3=0 
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— + T — 1, s)h{s + i; — 1) fromHl 

s=0 

= n (3.3) 

= lbll, 

hence, \\Fy\\ = ||i/||, for y eJCondQi. 

Now, let r 22 = {y ^ ■ Ibll < 'f' 2 }- Then for any y E ICq H 8^2 we 

have. 


Fy{t) = {t, s) h {s + V - 1) f {s + V - l,y {s + V - 1)), 

s=0 

[^-v+l] 

>X G {t, s) h {s + V — 1) f {s + V — l,y {s + V — 1)) 

s=[>^-v+l\ 

> X'S^G{t, s)h{s + V — fromH2 

= r2 (3.4) 

= lbll, 

hence, \\Fy\\ > ||i/||, for y eJCoH 8 ^ 2 - 

So, it follows form theorem 2.8 that there exists yo E /Co such that 
Fy^ = yo i. e., fractional boundary value problem (1.1) — (1.2) has a 
positive solution, say yo satisfying ri < ||i/o|| < ^ 2 . □ 


In the next theorem we give the existence of at least two positive 
solutions. 

Theorem 3.3. Assume that f satisfies condition Fdl and i/3. Then 
the fractional boundary value problem ( 1 . 1 ) — ( 1 . 2 ) has at least two 
positive solutions, say yi and y 2 such that 0 < |||/i|| <m < ||i/ 2 ||. 

Proof. From the assumptions, 3 e > 0 and r > 0 with r < m s. t. for 
0 <y <r, f {t,y) > ^^y, tE[v-2,v + b]^^_^. 

Let ri e (0, r) and [^] + n G 
Hence, for y E 8 Qr, we have 


b — V 
2 

X f{s + v - l,y{s + v - 1)) 


d 


+ V, sj Xh{s + n — 1) 


(Fy) 


( 

1- 

1 

( 

1 

to 

1_ 


b 


+ T I — 2 _^ ^ 

s=0 


b+v 3(fc+t>) 
4 ’ 4 
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s=o L -I ' 

^=r3(2^_^+il 

>A-^Ibll Y1 ^ 

^ VL 2 J J 


X h{s + w — 1) 

>(^\\y\\ ■ - 

a 

= \\y\\=r. (3.5) 

Thus, \\Fy\\ > lli/ll, for y e ICqC] d^lr- 

On the other hand, suppose H3 holds, then there exists r > 0 and 
/ 2 i > 0 such that f{t, y) > Vy > Ri, t E [n — 2 , n + 

Now let R such that, R > max ^m, then, we have 

(^?/) ( +'i') = +v,s^ Xh(s + v-l) 

X f(s + v-l,y(s + v- 1)) 

>A-^——^||y|| ^ G(t,s)h(s + v-l) 




>(^\\y\\ ■ - 

a 


hence, \\Fy\\ > ||i/||, for ?/ G /Cq O dQn. 

Now, for any y E dVtm-, TTl implies that, / (f, y) < t E [n — 2, n + 6]pj _ 
Let 


Fyit) = \ 'Y^G{t,s)h{s + v-l) f {s + v-l,y{s + v-l)) 


< A G (s + n — 1, s) h (s + n — 1) ■ 
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1 

= rjm ■ — 

V 

= m=\\y\\, (3.7) 

hence, \\Fy\\ < ||i/||, for y G /Co fl dQrn- 

Therefore from theorem 2.8 it implies that there are two fixed points 
yi and y 2 of operator F s. t. 0 < ||i/i|| < m < ||?/ 2 ||- D 

Theorem 3.4. Assume that, conditions H2 and HA holds, / > 0 for 
t G [v — 2,v + Then fractional boundary value problem (1.1) — 

(1.2) has at least two positive solutions, say yi and y 2 such that 0 < 
Ibill <m< II 1 / 2 II. 

Proof. Suppose that H2 holds, then there exists e > 0 {e < y) and 0 < 
r <m such that / (t, y) < 0 < 2 /<r, t ^[v — 2,v + 

Let r'l G (0, r), then for y G we have 

b 

Ty{t) = {t, s) h {s + V - 1) f {s + V - l,y {s + V - 1)) 

s=0 

< A ^ G (s + n — 1, s) h (s + n — 1) • 

s=0 

b 

< rjri G (s + n — 1, s) /i (s + n — 1) 

s=0 

1 

< rjri ■ — 

V 

= ri = \\y\\, (3.8) 

hence, we have \\Fy\\ < ||2/|1, for y G 

On the other hand, suppose that HA holds, then there exists 0 < 

T < 7 ] and Fo > 0 s. t. f {t,y) < ry, y > Rq, t G [v - 2,v + 

Denote M = max f(t, y) then 

{t,y)e[v-2,v+b],^^_^ X [0,Ro] 

0 < /(t, y) < 0 < ?/ < +CX). 

Let i ?2 > max | , 2m|. For y G c/Drj, we have 

b 

||F|/|| = max A G (t, s)/i (s + T — 1) / (s + n — 1, 2 /(s + T — 1)) 

^ ™«-2 s=0 

b 

< A ^ G (s + T — 1, s) /i (s + v — 1) / (s + n — 1, 2 / (s + n — 1)) 

s=0 
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^ a (^I|!'II+^^) f^Gis + v-l. s)h{, + 1 ,- 1 ) 

s=0 

_ ,, {tR2 + M) 1 
A r] 

<R 2 = \\yh ( 3 . 9 ) 


hence, we have \\Fy\\ < ||i/|l, for y G 

Finally, for any y G dflrn, since ym < y{t) < m for t E 
we have 


b+v 3(fe+ti) 

4 ’ 4 ’ 


(Fy) 






+ v,s 


Xh{s + V 


X f{s + v - l,y{s + v - 1)) 


1 ) 


> Xa'ym G 

s=[to-„+l] 

= m= lli/ll . 


b — V 
2 


+ p, s 


h{s + V — 


(3.10) 


Hence, ||Fi,|| > ||j/||, for y e K-oD aSl„. 

Therefore, by the theorem 2.2, the proof is complete. □ 


Example 3.5. Consider the following fractional boundary value prob¬ 
lem. 



where n = |, b = 5, f{t, y) = jRt (^y^ + y^j , h{t) = e*. With a simple 

computation we can verify that y > 0.0021. / : [0, cxd) x [0, cxd) — )■ [0, cxd) 
and h : [0, cxd) — )■ [0, cxd) and /(f, y) satishes the conditions HI and if3, 
will have at least one positive solution. 
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